A generalisation of the Jaynes-Cummings-Hubbard model for coupled-cavity arrays is introduced, where the embedded two-level system in each cavity is replaced by a Ξ-type three-level system. We demonstrate that the resulting effective photon-photon interactions at each site are both two-body and three-body, and that the tuning of the ratio of the two transition dipole matrix elements allows for the modulation of the strength and sign of the two-body attraction respective to the three-body repulsion. This results in a novel mean-field phase diagram for the associated superfluid-to-Mott insulator quantum phase transition, with the coexistence of first-and second-order phase transitions and a possible pair superfluid phase in the two-body attractive regime.
I. INTRODUCTION
Recently, there has been considerable effort applied to the study of solid state phenomena in Jaynes-CummingsHubbard (JCH) systems. These studies have predicted a superfluid-Mott insulator phase transition [1] [2] [3] [4] [5] [6] [7] , supersolid [8, 9] and Bose-glass [10] phases, metamaterial properties [11] , and, in the presence of time-reversalsymmetry breaking, fractional quantum Hall states [12] [13] [14] [15] . Almost all of these studies have focused on the case where each lattice element of the system is comprised of a two-level system interacting with a single photonic mode.
In this work we consider the properties of a generalised JCH system where each lattice element is comprised of a three-level system interacting with a single photon mode. Such a system provides an opportunity to construct a Hamiltonian in which three-body interactions are dominant. The effects of such interactions have been of great interest for some time, in part due to their connection to the Pfaffian state that plays a key role in the theory of the fractional quantum Hall effect [16] . With a view to better understanding these Pfaffian states, methods of introducing effective three-body interactions in dilute gas Bose-Einstein condensates have been proposed [17] [18] [19] [20] . In the context of the Bose-Hubbard model, it has been predicted that three-body interactions can significantly change the superfluid-Mott insulator phase diagram and, for attractive (repulsive) two-body (three-body) interactions, enabling a dimer superfluid phase to manifest itself [18, [21] [22] [23] [24] [25] . Accordingly, here, we consider a three level JCH system which supports both two-body and threebody effective contact interactions, and analyse the zerotemperature phases that this system exhibits. This paper is structured as follows. In section II, the JCH Hamiltonian and its zero-temperature mean-field phase diagram are reviewed. Subsequently, in section III, we discuss a mechanism for realising a local three-body repulsion [15, 26] in the JCH system, and demonstrate that this also allows for the simultaneous modulation of 
In Eq. (1), the first term describes the hopping of photons between nearest-neighbouring sites with the dimensionless hopping amplitude κ = κ/β, where κ is the hopping amplitude, scaled by the transition dipole moment β. We also haveâ † i andâ i specifying photon creation and annihilation operators, at site i, which obey the usual bosonic canonical commutation relations. The second term, in Eq. (1), is reproduced in full in Eq. (2), and is the JaynesCummings Hamiltonian for site i, withσ
representing the raising and lowering operators for the twolevel system at that site. The parameter ∆ = (ω − ǫ)/β represents the rescaled cavity detuning, where ω is the frequency of the single resonant mode and ǫ is the energy level spacing of the two-level system. The final term, in Eq. (1), specifies the total number of excitations in the system, via Eq. (3) and the rescaled chemical potential
The JCH system has been predicted to exhibit a second-order quantum phase transition between a super-FIG. 1: Phase diagram of the JCH system at ∆ = 0, computed via the Gutzwiller ansatz-based self consistent field method, with the Mott insulating phases in dark blue. The white line denotes the boundary between the superfluid and Mott insulator phases as determined by perturbation theory [5] .
fluid phase at large κ and a Mott-insulating phase for small κ, similar to the well-known case existing in the Bose-Hubbard model [27] [28] [29] . The corresponding phase diagram for this transition is, however, much richer than that in the Bose-Hubbard system due to the existence of the extra degree of freedom in the cavity detuning; the phases are usually depicted by fixing ∆ and plotting the phases with axes of κ and µ ′ . Figure 1 depicts the mean-field phase diagram for Eq. (1) at ∆ = 0, with the mean-field superfluid order parameter ψ = â i ∀ i plotted as a function of κ and µ ′ [2] . As in the corresponding phase diagram for the BoseHubbard system, there exist finite lobes in parameter space corresponding to Mott insulating phases (ψ = 0), surrounded by a region of superfluid (ψ > 0). Each Mott lobe corresponds to a uniform natural number occupation of excitations at each cavity, and the vacuum state is represented by a Mott-insulating region of parameter space that extends indefinitely as µ ′ → −∞ and κ → ∞. At the outset, it is important to note that the Mott insulator phases exist only for negative µ ′ , and that this mean-field characterisation of the phases is only valid for small κ and ψ. Nonetheless, this will serve to provide a point of contrast with the modified systems investigated in sections IV and V.
III. THE THREE-LEVEL JAYNES-CUMMINGS CAVITY
Having identified the salient features of the quantum phase transition in the JCH system, we wish to introduce an additional, local, three-body interaction and in- vestigate its effects. To achieve this, we could relax the assumptions of the Jaynes-Cummings model to allow a second resonant cavity mode to interact with the embedded two-level system. However, one may not be able to use the rotating wave approximation (RWA) to justify the assumption that the polariton number n is conserved. An alternative would be to allow for two-photon emission and reabsorption; the concern would then be that such processes are suppressed by Poisson statistics. Instead, in this work, we generalise the two-level system on each site to a three-level system. There exist a number of possible configurations for a cavity containing a three-level system. Parity considerations restrict the number of viable transition configurations to three -the cascade (Ξ), Λ and V -type configurations [30] , as depicted in Fig. 2 . However, the restriction to a single cavity mode and the use of the RWA necessitates the use of solely the cascade configuration, represented in Fig. 2(a) . For simplicity, we assume an ideal system with three energy levels equally spaced by ǫ. This results in a coupled-cavity array identical to one that has previously been proposed as a platform for the emulation of Pfaffian states via cavity QED [15] .
With these specifications, and defining β = β 12 /β 01 , the resulting Hamiltonian for a single site takes the form of the matrix
n a = 2λ
and the parameters µ ′ = (µ−ω)/β 01 and ∆ = (ω −ǫ)/β 01 retain their interpretations from the two-level system.
For the one-polariton subspace (n = 1),λ ± ↑ is undefined and the usual Pauli matrix-based representation applies to theλ ± ↓ operators. However, for n ≥ 2, these new atomic operators are representable via the Gell-Mann matrices, generators of su(3) [31] . In terms of these, they are given bŷ
This yields the matrix blocks to be diagonalised for each n, given by
To construct a mean-field solution to the modified JCH model, it is first necessary to find the exact solution to the purely local problem and subsequently treat the hopping elements as a perturbation. Hence, we initially detail the nature of the spectrum of Eq. (4). The spectra for n = 0, 1 are necessarily identical to those in the JaynesCummings model, with the existence of two distinct polariton branches for n = 1. However, it is readily seen from Eq. (12) that there must exist three independent polariton branches for n > 2. The energies of each of these branches is [32, 33] given by
where
The Fock state representations for the corresponding polariton branches are provided by [32] 
where for n ≥ 2 the normalisation factor ζ
Clearly, it is necessary to be able to identify which branch (k) has the lowest energy for a given polariton number n. If the arccosine in Eq. (18) is restricted to its principle branch, i.e. [0, π], then θ n ∈ 0, π 3 ∀ n ≥ 2 and thus
Therefore, the ground state for any polariton number n ≥ 2 may be taken to be the k = 1 branch, or equivalently the '−' branch for n = 1, and for future reference we denote the dimensionless energies corresponding to these branches as E g (n). An effective two-body repulsion for photons is provided in a Jaynes-Cummings cavity by the interactions between the two-level atom and the photons; this is the cause of the photon blockade effect [34, 35] . In the three-level system coupled to a single cavity mode, however, the sign of the two-body and three-body interactions is not immediately apparent. Nonetheless, it is not difficult to determine [15] , as it may be achieved by computing the energy of a single polariton quasiparticle in the lowest-energy cavity eigenstate of n polaritons, i.e. E ′ n = E g (n)/n. This yields Fig. 3(a) , in which the rescaled polariton energy E ′ n is plotted as a function of β at ∆ = 0. From this it is evident that as β is increased, the proportional energies for one (the dotted curve) and two (the blue curve) polaritons cross. However, for all other pairs of n, n + 1, the corresponding rescaled polariton energies do not cross at any value of β. Thus, we conclude that the three-body interaction is necessarily repulsive but the two-body interaction undergoes a transition from repulsive to attractive of sign for some value in β.
In Appendix A, we show that taking the difference of the proportional energy E ′ n for n = 1, 2 yields the critical value β 2 = 2, for which E
, which is independent of the detuning ∆. This last point is numerically demonstrated in Fig. 3(b) , in which the E ′ n is plotted as a function of ∆ at β 2 = 2. In this regime, the energy per polariton is degenerate for n = 1 and n = 2 regardless of ∆, which is evident in the coincidence of the blue and dotted lines in Fig. 3(b) .
IV. TWO-BODY REPULSION: MEAN-FIELD PHASE DIAGRAM
With the exact single-site solutions in hand, we switch on the hopping interactions and compute the resulting zero-temperature phase diagram. A reasonable first guess would be that the superfluid and Mott insulator phases also exist in this modified system, and thus we proceed to apply the mean-field approximation to the hopping terms to yield a purely local, but non-diagonal, Hamiltonian. Explicitly, this involves the substitution of the expression [36] 
where z is the number of nearest-neighbour sites, a quantity that is dependent on the lattice geometry (the superfluid order parameter ψ is assumed to be real). This yields an energy approximation consisting of a sum over all sites of the Hamiltonian
The resulting Hamiltonian can be solved via a selfconsistent algorithm using a Gutzwiller-type ansatz as the trial ground-state. Subsequently, the phase diagram may be obtained from the solution space by plotting the self-consistently determined values of ψ in a given region of parameter space. However, analytical expressions for the phase boundaries may also be found via Landau theory, provided that the transitions are second-order continuous. Following Landau's prescription, the free energy (which reduces to the many-body ground state energy in the zero temperature limit) may be expressed as a power series in the order parameter ψ, i.e.
At a continuous phase transition, minimisation of the free energy with respect to ψ yields the criterion that the phase boundary is demarcated by solutions to the curve [37] a 2 = 0.
Solutions to this are especially simple to find if the order parameter ψ is manifest in a perturbative expansion of the ground state energy as a power series, which one finds to be the case in Hubbard-type systems. To construct this expansion, we note that Eq. (28) is purely diagonal except for the term κψ â † +â , and so it is partitioned as
and
Then, we can employ Rayleigh-Schrodinger perturbation theory to expand each perturbed polariton eigenstate's energy in a power series of κψ of the form[38]
For the unperturbed reference eigenstates Eqs. (21, 22, 23) , the quantity n is clearly a good quantum number, implying that, by Eq. (36), the firstorder correction E (1) g vanishes identically. Subsequently, a comparison of Eqs. (30) and (35) suggests that we make the identification that
The calculation of the second-order perturbative correction is somewhat tedious; we emphasise that in the summation over accessible virtual states in Eq. (38), the contributions from every polariton branch must be considered and not merely the lowest-energy branches for a given polariton occupation. For the sake of clarity, the full expressions for E (2) n are relegated to Appendix B 1. Below, we merely compare the predictions for the phase boundary obtained via the numerical self-consistent field and analytical Landau-perturbative methods. For simplicity, the analysis is limited to the system with zero detuning, that is, ∆ = 0. However, it is possible to extend these results to a nonzero detuning in the analytical method, as well as in the numerical formalism.
Initially, we investigate the regime in which the twobody interaction was predicted in section III to be repulsive, β < √ 2. In Fig. 4 , the superfluid-to-Mott insulator phase diagram is presented at ∆ = 0 for the regimes β = 1, 1.35, √ 2 . It is clear that for β = 1 (the first column in Fig. 4) , the phase diagram closely resembles that of the two-level JCH system, i.e. successive Mott lobes corresponding to successive integer n . However, as β is increased to 1.35 (the middle column in Fig. 4) , the first Mott lobe ( n = 1) shrinks. At β = √ 2 the n = 1 Mott lobe vanishes, with the n = 2 Mott lobe being adjacent to the vacuum ( n = 2). This can easily be explained by observing that there exists a narrowing of the region of the µ ′ axis at κ = 0 for which the energetically favourable polariton occupation is n = 1. Pleasingly, however, it is also evident that the analytical and numerical predictions for the phase boundary coincide.
V. TWO-BODY ATTRACTION: MEAN-FIELD PHASE DIAGRAM
We now shift our focus to the regime in which we predict the existence of an attractive two-body interaction, that is, when β ≥ 2. As β → √ 2 from below, it was found in section IV that the first Mott lobe shrank and subsequently vanished completely at the threshold of β = √ 2, raising the question of what features might be seen in the attractive regime. Retaining the simplifying feature ∆ = 0, we cross the threshold and examine the numerical and analytical predictions for the phase diagram at β = 1.5 in Fig. 5(a) . The analytical prediction is a first Mott lobe in the negative κ half-plane, which we can reject immediately as unphysical. Of more concern is the prediction that the vacuum lobe and second Mott lobe are overlapping, a situation which is also clearly unphysical but not representative of a discardable solution. A plot of the self-consistently determined value of n , in Fig. 5(b) , seems to resolve this question with a startling prediction that the zeroth and second Mott lobes do not overlap, but abruptly meet each other with a boundary at κ > 0.
The discrepancy between the numeric and analytical predictions is quite unlike what one observes in the BoseHubbard system, or the JCH system, or even the system in consideration for β ≤ √ 2, and it is prudent to question why this occurs. Since the boundary is defined by the condition ψ = 0, and since the boundary occurs across values of κ in which the analytical methods were successful for the aforementioned models, it is safe to conclude that the perturbative expansion parameter κψ is still 'small' enough.
However, it was always assumed that the phase transition is second-order, that is, the order parameter ψ is continuous across the transition. A discontinuous, firstorder phase transition features a jump in ψ from zero in the disordered phase to a distinct non-zero value in the ordered phase, and the condition a 2 = 0 does not describe the value of the phase boundary for such transitions. To explore the notion of discontinuity in the order parameter, we exploit the fact that our numerical self-consistent method, for calculating the ground states of H JCH3 MF , relies on a discrete binning of the parameter space spanned by κ and µ ′ . Therefore, for a given discrete value of µ ′ , we choose to sweep through the numerically determined values of ψ as a function of the discretely binned κ domain from above. Then, the location of SF-MI transition at the chosen value of µ ′ is characterised by a nonzero value of ψ followed by ψ = 0. Due to the discrete binning of κ, there is always a nonzero discrepancy, ∆ψ( µ ′ ), between these two values of ψ. However, one would expect that a first-order transition would be characterised by comparatively large values of ∆ψ( µ ′ ). Thus, in Fig. 6 , we provide a plot of ∆ψ( µ ′ ) in the vicinity of the boundary between the vacuum and the n = 2 Mott lobe. This figure clearly illustrates the large discontinuity in the order parameter that exists across the vacuum-superfluid transition and also in a small region of the transition curve between the n = 2 Mott lobe and the superfluid phase. Therefore, we conclude that there is a coexistence of first-and secondorder phase transitions for β > √ 2, as well as a tricritical point on the boundary between the n = 2 Mott lobe and the superfluid phase.
It is also instructive to recall from Fig. 5(b) that the Mott lobe adjacent to the vacuum corresponds to n = 2. The complete absence of the n = 1 Mott lobe for β ≥ √ 2 must be attributable to the fact that in the two-body attractive regime, there is no value of µ ′ in the limit of zero hopping at which it is energetically favourable for there to be a single polariton at a given site, rather than zero or two of them. However, the existence of the finite-length boundary between these lobes raises the question of what phase exists between them. In general, two Mott lobes meet at the value of µ ′ such that the two corresponding lowest polariton branches are degenerate. A reasonable expectation would therefore be that the quantity
is nonzero along this boundary. This corresponds to the mean-field approximation of the order parameter for the pair superfluid phase, in which superfluidity occurs due to the condensation of (quasi-)particle pairs [25] . The true pair superfluid phase occurs when ψ = 0 and ϕ = 0, and is associated with the partial breaking of the system's U(1) symmetry to U(1)/ (Z/2Z) [24] . Such phases have been suggested to exist in single-component systems featuring attractive interactions of sufficient strength, with the proviso that repulsive interactions preventing threebody collapse also exist [39] .
VI. A BOSE-HUBBARD ANALOGY
This anomalous behaviour in the phase transitions of the three-level JCH system when β > √ 2 is not entirely unexpected. While the precise details are different, similar behaviour has been noted in the Bose-Hubbard model with attractive onsite two-body interactions and an additional onsite three-body repulsion. The relevant Hamiltonian, scaled appropriately such that the interaction strengths are dimensionless, is provided by
where κ, µ and W are all non-negative. This model has been studied in recent years in the context of experimental proposals which suggest that accounting for the three-body loss rate in a Bose-Hubbard model with attractive onsite two-body interactions may potentially result in either an effective finite threebody repulsion mechanism [20] or a hardcore three-body constraint [18] . We note that in the Hamiltonian described by Eq. (42), a hardcore three-body constraint may be modelled by taking the limit W → ∞. In the case where W is finite, a zero-temperature phase diagram has previously been obtained for the one-dimensional chain using exact dimensionalisation and the Density Matrix Renormalisation Group (DMRG) [25] . Below, an analysis using mean-field methods is provided as a means of comparison with the 3-level JCH system at β > √ 2. The analytical Landau-theoretical expressions for the phase boundaries and the numerical self-consistent field determined phase diagrams may be obtained for this system, as previously, by the mean-field-approximated Hamiltonian
for which the corresponding Landau coefficients are supplied in Appendix B 2. While the hardcore limit is easily implemented as discussed above, we restrict our focus to the case of a finite W , in order to maintain the faithfulness of this analogous system to the 3-level JCH system for β > √ 2. Here, we merely focus on the representative case W = 2, and present the relevant portion of the corresponding phase diagram below in Fig. 7 .
Comparing Figs. 5(a) and 7, it is evident that there exists a similar Mott lobe intersection anomaly in both phase diagrams, where two lobes meet (at µ = −0.5 in this instance). Furthermore, in Fig. 8 , it is evident from a plot of n that the finite length intersection is between Fig. 5(b) . Similarly, a plot in Fig. 9 of the function ∆ψ( µ), as defined in section VI, suggests that the superfluid-Mott insulator phase transition in this system can be either first-or second-order as in the 3-level JCH system for β > √ 2, cf. Fig. 6 . However, these results are not particularly surprising, given that they have already been predicted previously for this system via an exact diagonalisation procedure for the finite lattice. Furthermore, in the hardcore limit (W → ∞), a sophisticated procedure of spin-model mapping followed by the derivation of an effective field theory has provided a rich understanding of both the phase diagram and the dynamics of the system in each phase [21, 22] . Indeed, it is the prediction of the existence of both first-order phase transitions and the pair superfluid phase in these systems that motivated the prediction that they may exist in the 3-level JCH model. It is also noted that in the results previously obtained, the phase boundary between the zeroth and second Mott phases is resolved in such a manner that the pair superfluid phase is not merely confined to a straight line at µ = −0.5 but in a narrow but nonetheless finite band of parameter space. Unfortunately, it is not possible to explore these features properly via the mean-field formalism employed in this work due to the somewhat crude approximations made vis-avis spatially off-diagonal correlations. It would therefore seem that utilising one or more of these methods, which include an effective potential mechanism with both single and paired source fields [23] , and quantum Monte Carlo methods [24] , would serve to elucidate the possible pair superfluid phase in the 3-level JCH system.
VII. CONCLUSION
The addition of a third energy level to each 'atom' in a Jaynes-Cummings cavity array is seen here to result in an additional effective three-body repulsion between the resonant cavity photons, analogous to existing modified Bose-Hubbard models with an additional onsite three-body repulsion. By uniformly adjusting the ratio of the two transition dipole moments of each atom, we predict that a crossover manifests itself, between the regimes of two-body repulsion and attraction. Strikingly, this is seen to result in a possible first-order phase transition between the superfluid and Mott vacuum phases, and the coexistence of first-and second-order superfluidMott insulator phase transitions across the second Mott lobe. Furthermore, the first Mott lobe vanishes in the regime of two-body attraction, an effect that is readily explained via energetic considerations.
However, the presence of a pair superfluid phase, which our results seem to suggest, is not provable via the methods employed here. Its existence in the three-body constrained Bose-Hubbard model, demonstrated via exact diagonalisation, effective potential and quantum Monte Carlo simulations, motivated our hypothesis that it is also present in this modified Jaynes-Cummings-Hubbard system. Thus it would seem prudent to employ one or more of these to verify the existence of a pair superfluid of polaritons in such a coupled-cavity array.
